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Abstract 



o 

^ ■ It is shown that the free Schrodinger algebra of a free particle in d spatial dimensions 

can be embeded into a representation of the higher-spin algebra algebra. The latter spans 
■ an infinite dimensional algebra of higher-order symmetry generators of the free Schrodinger 

equation. An explicit representation of the maximal finite dimensional subalgebra of the 
higher spin algebra, the scmidirect sum of a Hcisenberg and of a symplectic algebra, is given 
in terms of non-relativistic generators. Our procedure reveals that the space of solution of 
the Schrodinger equation can be regarded also as a supersymmetric module. 



r~| | Keywords: Higher-spin theory, Non-relativistic symmetry, Supersymmetry 

^> . The Schrodinger group was discovered by S. Lie [1] and, even earlier, the conserved quantities 

ON [ associated with the Schrodinger invariance were already know to Jacobi [2] (see also [3, 4]). Its 

name, however, is taken from quantum mechanics [5, 6, 7, 8, 9], since it extends the Galilean 
symmetries of the free Schrodinger equation with dilatation and expansions transformations. The 
, Schrodinger group is isomorphic to the Newton-Hooke conformal group of the harmonic oscillator 

[8], and it appears also in several contexts, e.g., magnetic monopoles [10], vortices [11, 12, 13], 
fluid mechanics [14], and strongly correlated fermions [15, 16]. The Schrodinger group has some 
infinite dimensional generalizations [3, 15], and it can be also realized geometrically as space- 
time isometries [17, 18, 19]. The Schrodinger symmetry have attracted also renewed interest 
^ ■ since the discovery of the non-relativistic AdS/CFT correspondence [20, 21, 22], which relates an 

asymptotic theory on a curved background to a non-relativistic quantum system [19, 20, 21, 22]. 

The goal of this paper is to show that Galileo boosts, translations and the mass generators 
are building blocks for constructing higher-order symmetries of the free Schrodinger equation. 
This is done by noticing that from Galileo boosts, translations and the mass operator, which 
satisfy the Heisenberg algebra, we can construct a representation of the Weyl algebra. The latter 
will span an infinite set of conserved charges, containing in particular all Schrodinger generators. 
Endowing these generators with a (super)commutator product yields the so-called higher spin 
(super) algebra [23, 24, 25]. These algebras are well-known in higher spin gauge theories (see e.g. 
[23, 24, 25, 26, 27]). It follows that the free Schrodinger equation has higher spin symmetries, and 
reciprocally, Schrodinger symmetry is naturally contained in higher spin theory. As we shall see 
indeed, the truncation of the higher spin algebra to its maximal finite dimensional subalgebra still 
contains the Schrodinger algebra. We also observe that the same generators, but now endowed 
with a supercommutator product, yield a supersymmetric (orthosymplectic type) counterpart of 
the Schrodinger symmetry. 
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Consider hence the d dimensional Heisenberg algebra, 



f)d = {l, Gi, Pi ; [Gi,Pj] = iSij , i,j =l,...,d}. 

The Weyl algebra, denoted f)^, can be defined as the algebra of Weyl ordered polynomials of 
the Heisenberg algebra generators 1 . 

An associative algebra can always be endowed with a commutator product yielding a Lie 
algebra, 

[t)* d ] = {ft ; [A, B] := AB - BA, A, B e &$} . (1) 

Alternatively, as the Weyl algebra is graded over Z2, we can endow their generators with a 
supercommutator product yielding a Lie superalgebra, 

[&$}:={«; [ABj-iB-t-lfl^i, 4,5 € «}■ (2) 

Here, | • | denotes the degree of the generators, respectively | • | = and | • | = 1 for even and 
odd order polynomials in the generators Gi and Pi of the Heisenberg algebra. The constants 
of structure of (1) and (2) are derived from those of fj^, and the (super)Jacobi identity follows 
from the associativity of the Weyl algebra. The algebras (1) and (2) are called higher spin 
(super) algebras [23, 24, 25], since they contain a maximal subalgebra of compact generators 
under which the remaining generators transform as tensors of arbitrary spin. 

In our approach the Heisenberg algebra is composed of a mass-central-charge, Galileo boosts 
and translations generators of a non-relativistic particle, 

t) d = {m = 1, Gi=Xi- tPi, Pi = -id/dxi }. (3) 

Consider now the free Schrodinger equation in d spatial dimensions, 

5*0M) = O, S = i^-H, H = ^f 2 . (4) 

The dynamics of a quantum operator is given by the Heisenberg equation O = dO/dt + i[H, O], 
which can be written in terms of the Schrodinger operator as 



O 



s,o 



(5) 



This equation reflects the known fact that the Schrodinger equation (4) can be obtained as the 
quantization of a first class constraint associated to the time-parametrization invariance of the 
free non-relativistic particle [29]. 

The equations (4) and (5) imply that constants of motion are symmetry generators, since, as 
they commutes with the Schrodinger operator, they leave invariant the space of solutions of the 
Schrodinger equation. This is the case of Galileo boosts and translations 

Gi = -i[S, Gi] =0, P = -i[S, Pi}=0, (6) 

hence, it is deduced that any polynomial constructed from them, namely those of the Weyl 
algebra, will be constants of motion as well. Therefore the free Schrodinger equation admits 
infinitely many conserved charges. As a corollary, the higher spin (super) algebras (1) and (2) are 



It is indeed the universal enveloping of the Heisenberg algebra which in suitable base can be defined as the 
symmetrized products of the \)d generators, owing the Poincare-Birkhoff-Witt theorem (see eg. [28]). 
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symmetry algebras of the Schrodinger equation. We shall see indeed that the full Schrodinger 
algebra emerges as a finite dimensional subalgebra of and it has a supersymmetric counter 
part in ft*}. 

Once the generators Gi and Pi are provided, we can form the vector 

L a = (G 1 ,...,G d ,P 1 ,...,P d ), a = l,...,2d. (7) 
The commutation relations of Gi = Li and Pj = L d+ j become now, 

[L a , Lb] = iC a b, C a b= ( -J dxd \ ( 8 ) 

which defines the symplectic matrix C a b- The symmetrized second order products of generators 
(7), 

M ab = ^{L a ,L b }, (9) 

commute with themself as, 

[M ab , M cd ] = i(C ac M bd + C hd M ac + C ad M bc + C hc M ad ) , (10) 

as it is deduced from (8), generating a representation of the sp(2d) algebra. This representation 
is usually referred as to "oscillator representation", since one of their compact generators can 
be identified with a harmonic oscillator Hamiltonian. Here the Hamiltonian, is identified with a 
non-compact generator however, i.e. the one of the non-relativistic particle. 
M a b together with L a yield the commutation relations, 

[M ab ,L c ] =i(CacLb + CbcL a ). (11) 

The generators M a b, L a and 1 yield the maximal finite dimensional subalgebra of (1) (see (8)- 

(io)-(ii)), 

f) d 3) sp(2d) = [l,L a ,M ab ; [-,-]} C [fjj] . (12) 
From M a b we can define the generators, 

C = -/'M,j. D = -5 ij M id+j , H = -fiMd+id+j , Jij = M id+j - M jd+i , i,j = 1, d . 

(13) 

Now (13) together with (3) yield the Schrodinger algebra scfj(d), 
[Gi, Pj] = im5ij , 

[Jij, Jkl] = i($ikJjl + SjiMik — 5uJjk — SjkJil), 

[Jij, Pk] = K$ikPj — SjkPi), [Jij, Gk] = i(5ifcGj — SjkGi), 
[H, d] = -iP h 

[D, C] = 2iC, [D, H] = -2iH, [H, C] = LD, 
[D, Pi] = -iP h [D, Gi] = iGi, [C, Pi] = iG, . 

Other commutators vanish. We stress that the full Schrodinger algebra scf)(<i) is implied by the 
Heisenberg commutation relation (8) and the definitions (13). Indeed, from (3) and (13), the 
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standard representation of sct)(d) is recovered, 

Hamiltonian H =P 2 /2, 
rotations Jy = XiPj — XjPi, 
translations Pi = —id/dxi, 
boosts G L = mxi — tPi, 
mass m = 1, 

expansions C = -t 2 H + tD + 1$ 2 /2, 
dilatations D = 2tH - ~£ ■ P + id/2 . 

The Schrodinger algebra, having the structure sct)(d) = 33 {so(d) ©sl(2,M)}, is subalgebra of 
(12) and the higher spin algebra (1), i.e. sct)(d) C (f) d 3 sp(2d)) C [t)* d ]. 

Rotations, dilations and expansion generators, are second order operators in Galileo boosts 
and translations. They generate independent symmetries however, as it is well known. Indeed, the 
finite transformations generated by D and C are respectively (see e.g. [7, 4]) (t, Xi) — > (X 2 t, Xxi) 
and (t, Xi) — > (1 — nt)~ l (t,Xi) where A and k are transformation parameters. 

The new generators of fj^ 3 sp(2d) not contained in the Schrodinger algebra are of second 
order in spatial derivatives, 

Pij = \Md+id+j - Gij = \Mij -\5ijC, Zij = M id+j + Mj- rf+i + l^jL), 

Pij = PiPj ~ \&i]H, = GiGj — \^ijG, Zij = GiPj + PiGj + ^SijD. 

These operators are traceless, <5 iJ Pij = b %3 Gij = S 13 Z^ = 0. The non- vanishing remaining com- 
mutation relations read, 

[Pij, Gk] = —^(SikPj + SjkPi) + 2$ijPk, [Zij, Gk] = —\(5ikGj + SjkGi) + ^SijGk , 
[dj, Pk] = ^{SikGj + SjkGi) + 2$ijGk, [Zij, Pk] = i(5ikPj + S jk Pi) - ^^ijPk , 
[H, Gij] = —^Zij, [H, Z^] = —AiPij, [C, Pij] = T^Zij, [C, Zy] = 4iGjj , 
[D, Gy] = 2iGij, [D, P^] = -2iPij, 

[Gij, Pki] = ^(5ik(Zji + Jji) + Su(Zj k + Jj k ) + 5jk(Zu + Ju) + 5ji(Z ik + J ik )) 

— j^i^ik^jl + 8ilSj k — 2^ij^kl)P> — ^d($ijZkl + SklZij) , 

[Gij, Z M ] = \(5ikGji + SuGjk + SjkGu + SjiGik) 

+^;(8ik5ji + <5u5jk — 2$ijdki)C — ^{SijGki + 5kiGij), 
[Pij, Z k i] = -\{5ikPji + SuPjk + SjkPu + SjiGik) 

— ^(dikSjl + $il8jk — 2^ij^kl)H + ^(SijPkl + 5 k lPij), 

[Zij, Zki] = —2\(5 ik Jji + SuJjk + bjk'ki + SjiJik), 
extending scl)(d) to t)d 5 sp(2<i), which in Galileo covariant notations is given by 2 (cf. (12)), 

\) d 3 sp(2d) = {l, Gi, P, Jij, C, D, H, P 3 , dj, Z i3 ; [■, •]}. (15) 

2 The algebra (15) has been also discussed in a different context [30]. 
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Notice that the generators (15), endowed instead with a supercommutator product yield 

osp(l|2d) ©u(l) = {l, d, Pi, Jij, C, D, H, Pij, Gij, Z id ; [-, •}} , (16) 

with (anti)commutation relations equivalent to (9), (10) and (11) (see the definitions (7), (13) 
and (14)). It is the maximal finite dimensional subalgebra of (2). Here, the Galileo boosts and 
translations generators, Gi and Pi, are regarded as supercharges (cf. (14)), 

2 2 2 

{Gi, Gj} = 2Gij + "^ifi, {Pi, Pj} = 2Pij + ^"%^> Pj} = Jij + %ij ~ 

The Schrodinger algebra extension (12) can be seen hence as the bosonic counterpart of the 
orthosymplectic supersymmetry osp(l|2d) (using the terminology of reference [34], where the 
bosonic counterpart of super-Poincare was studied.). 

Observe that the reflection operator, R*$>(x) = x), anticommutes with Galileo boosts, 
translations and all their odd powers in the Weyl algebra, e.g. {R, Gi} = 0, {R, Pi} = 0, whereas 
it commutes with their even order powers, i.e. [R, H] = [R, D] = [R, C] = 0, etc. The %2 grading 
of the Weyl algebra is induced therefore, in our non-relativistic representation, by the spatial 
reflections. The wave function can be regarded indeed as a supermultiplet, ^(x,t) = ^/ + (x,t) + 
ty-(x,t), where their symmetric and antisymmetric projections ^±(x,t) = ^(^(x, t) ± ^>(— x, t)), 
i.e. the eigenvectors of the reflection operator R^±(x,t) = ±*ff±(x,t), can be viewed as the 
"bosonic" and "fermionic" components respectively. The odd operators (supercharges) in the 
superalgebras (2) and (16) map the symmetric (bosonic) into the antisymmetric (fermionic) 
component of the wave function and vice versa. Observe that the "Pauli exclusion principle" is 
satisfied by the odd wave function, ^-(0, t) = 0. The symmetric/antisymmetric decomposition 
of the wave function, as well as the vanishing commutation relation of the Hamiltonian with 
the non-trivial reflection operator, reveals the double degeneracy of the Hamiltonian, as it is 
expected in supersymmetric systems. However, this supersymmetric structure does not involve 
the introduction of other degrees of freedom such as Clifford or Grassmann variables as in e.g. [32, 
33]. This is not a supersymmetric extension of scf)(d), but it is a realization of the superalgebras 
(2) and (16) in terms of Schrodinger symmetry generators. This type of supersymmetry, induced 
by parity under spatial reflections, has been widely studied by M. Plyushchay and collaborators 
in diverse interacting quantum mechanical system which do not involve fermionic degrees of 
freedom, and called for this reason bosonized supersymmetry, or hidden supersymmetry [31]. 

The realization, in this non-relativistic scenario, of (unitary) representation of the sp(2d) 
algebra, or the osp(l|2d) superalgebra, is curious, since their relation with the symmetry algebras 
of relativistic theories by means of the embedding 

cf(l|d- 2,1) «so(l|d- 1,2) ^ osp(l|2l d / 2 l). 

Hence the space of solution of the the Schrodinger equation in 2^ d ^ 2 ^~ 1 spatial dimensions span a 
representation space of the super confer mal algebra in d — 1 space-time dimensions. 

It is worth to mention here that the spin-statistics theorem does not hold in non-relativistic 
field theories [35], i.e. statistics and spin may be unconnected. Hence, the ambiguity here 
observed treating the symmetry generators of the non-relativistic particle as bosonic or fermionic 
operators could persist also after second quantization (cf. [36]). 

As a final remark, we note that higher spin fields, in Vasiliev's and related approaches, are 
zero-forms or one-forms valued in the higher spin algebra, e.g. 

OO j 

W(y) = Y j -w a ^- a "{y) L ai L a2 ---L an , a u a 2 , ...,a n = 1,2, 2d, (17) 

n=0 
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where yj aia2 "' an (y) is completely symmetric in the a's indices and y labels local coordinates 3 . 
Identifying the L a 's generators as a composed Galileo-boost/translation vectors (7), and their 
second order powers with the non-relativistic generators (13) and (14) allow us to view the 
expansion (17) as differential form valued in an extension of the non-relativistic Schrodinger 
algebra scf)(<i). The Vasiliev framework consists in a generalization of the Cartan formulation of 
gravity (see e.g. [25]), determining the dynamics of the higher spin fields w aia2 "' an (y). Similarly, 
in reference [27] a one-form connection of the type (17) is used to extend the Chern-Simons 
theory of gravity in 2 + 1 dimensions. Hence it would be valid to ask, for instance, if these 
theories may be consistently truncated to their Schrodinger sectors. A positive answer could 
provide further holographic-type correspondences between non-relativistic theories and systems 
in curved geometries. By analogy with the non-relativistic AdS/CFT correspondence [20, 21, 22], 
based on the embedding of Schrodinger algebras into conformal algebras [37], we believe that our 
result could be helpful to relate holographically higher spin theories and non-relativistic systems. 

The results here presented can be also generalized to the harmonic oscillator Schrodinger 
equation, taking advantage of the isomorphism of the Schrodinger algebra and the conformal 
Newton-Hooke algebra [8]. 
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